Heterobimetallic Dy-Cu coordination compound as a classical-quantum
  ferrimagnetic chain of regularly alternating Ising and Heisenberg spins by Torrico, J. et al.
Heterobimetallic Dy-Cu coordination compound as a classical-quantum
ferrimagnetic chain of regularly alternating Ising and Heisenberg spinsI
J. Torricoa,∗, J. Strecˇkab, M. Hagiwarac, O. Rojasd, S. M. de Souzad, Y. Hane, Z. Hondaf, M. L. Lyraa
aInstituto de Fı´sica, Universidade Federal de Alagoas, 57072-970, Maceio´-AL, Brazil
bInstitute of Physics, Faculty of Science, P. J. Sˇafa´rik University, Park Angelinum 9, 040 01 Kosˇice, Slovak Republic
cCenter for Advanced High Magnetic Field Science,Graduate School of Science, Osaka University,1-1 Machikaneyama, Toyonaka, Osaka
560-0043, Japan
dDepartamento de Fı´sica, Universidade Federal de Lavras, 37200-000, Lavras-MG, Brazil
eWuhan National High Magnetic Field Center, Huazhong University of Science and Technology, Wuhan 430074, China
fGraduate School of Science and Engineering, Saitama University, 255 Shimo-Okubo, Sakura-ku, Saitama 338-8570, Japan
Abstract
A classical-quantum chain composed of regularly alternating Ising and Heisenberg spins is rigorously solved by con-
sidering two distinct local anisotropy axes of the Ising spins. The ground-state phase diagram and magnetization
curves are examined depending on a spatial orientation of the applied magnetic field. The phase diagram totally
consists of four distinct phases and a few macroscopically degenerate points, where an outstanding coexistence of
perfect order and complete disorder occurs within the so-called ’half-fire, half-ice’ state. The zero-temperature mag-
netization curves generally exhibit a smooth dependence on a magnetic field owing to a canting angle between two
coplanar anisotropy axes of the Ising spins, which enforces a misalignment of the magnetization vector from a direc-
tion of the applied magnetic field. It is evidenced that the investigated spin-chain model reproduces magnetic features
of the heterobimetallic coordination compound Dy(NO)3(DMSO)2Cu(opba)(DMSO)2 (DMSO=dimethylsulfoxide,
opba=orthophenylenebisoxamato). The high-field magnetization data reported for the powder sample of this poly-
meric coordination compound generally display a substantial smoothing on account of a powder averaging.
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1. Introduction
Magnetization curves of one-dimensional (1D) quan-
tum spin chains generally exhibit several intriguing fea-
tures of purely quantum origin, which are most evidently
manifested at zero temperature because a spurious effect
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APVV-14-0073.
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of thermal fluctuations is completely suppressed [1–3].
Interestingly, several polymeric coordination compounds
can be truly classified from the magnetic viewpoint as
experimental representatives of 1D quantum spin chains
[4, 5]. From the theoretical point of view, the 1D quantum
spin chains provide important cornerstones of the quan-
tum theory of magnetism, since they belong to valuable
examples of exactly solved lattice-statistical models unaf-
fected by crude approximations [6]. The spin-1/2 Ising-
Heisenberg chain [7] with regularly alternating Ising and
Heisenberg bonds is historically the first exactly solved
spin model, which displays a remarkable quantum phase
transition driven by external parameters [8–10]. It should
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be nevertheless mentioned that the Ising-Heisenberg spin
chains were for a long time regarded only as a mathemat-
ical curiosity without any close resemblance to real-world
magnetic compounds.
Recently, it has been verified that a few exactly solved
Ising-Heisenberg models may capture basic magnetic fea-
tures of some polymeric coordination compounds such
as Cu(3-Clpy)2(N3)2 [11], [(CuL)2Dy][Mo(CN)8]
[12, 13] and [Fe(H2O)(L)][Nb(CN)8][Fe(L)]
[14]. The heterobimetallic polymeric complex
Dy(NO3)(DMSO)2Cu(opba)(DMSO)2, which will
be hereafter referred to as Dy-Cu, involves 1D chain of
exchange-coupled Dy3+ and Cu2+ ions as a magnetic
backbone [15] (see Fig. 1). Consequently, the polymeric
compound Dy-Cu can be regarded as an experimental
realization of the spin-1/2 Ising-Heisenberg chain with
regularly alternating Ising and Heisenberg spins, which
capture a magnetic behavior of highly anisotropic Dy3+
and almost isotropic Cu2+ magnetic ions, respectively
[16, 17]. This compound is quite interesting also from
the perspective of rise of pairwise thermal entanglement
as exemplified in Ref. [18]. A closer inspection of
crystallographic data [15] however reveals that there exist
two inequivalent orientations of coordination polyhedra
of Dy3+ ions within the Dy-Cu polymeric chain, which
have not been taken into consideration in previous studies
[16–18]. Bearing this in mind, we will investigate in the
present work the spin-1/2 Ising-Heisenberg chain with
regularly alternating Ising and Heisenberg spins in an
arbitrarily oriented magnetic field by considering two dif-
ferent local anisotropy axes of the Ising spins resembling
two crystallographically inequivalent positions of Dy3+
ions within the Dy-Cu polymeric chain. In particular, our
attention will be focused on a role of the canting of local
anisotropy axes on the ground state and magnetization
process.
The organization of this paper is as follows. The model
and its exact solution is presented in Section 2. The most
interesting results for the ground-states phase diagrams,
the magnetization curves and susceptibility are compre-
hensively discussed in Section 3. The high-field magne-
tization data recorded on the Dy-Cu compound are con-
fronted with the respective theoretical predictions in Sec-
tion 4. Finally, the paper ends up with several concluding
remarks given in Section 5.
Ln
Cu
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O
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S
Figure 1: (Color online) A part of the crystal structure of the 3d-4f
bimetallic coordination polymer Ln(NO3)(DMSO)2Cu(opba)(DMSO)2
(Ln = Gd–Er) visualized by adapting the crystallographic data deposited
at The Cambridge Crystallographic Data Centre according to Ref. [15].
Coloring scheme for the atom labelling: Ln (violet), Cu (green), C
(grey), O (red), N (blue), S (yellow).
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Figure 2: (Color online) A schematic representation of 1D chain with
regularly alternating Ising and Heisenberg spins. The angle α (-α) de-
termines the canting of the local anisotropy axis z1 (z2) from the global
frame z-axis for odd (even) Ising spins σz12i−1 (σ
z2
2i ) so that 2α is the cant-
ing angle between two coplanar anisotropy axes. The angle θ determines
the tilting of the magnetic field from the global frame z-axis.
2. The model and its solution
Let us consider the spin-1/2 Ising-Heisenberg chain, in
which the Ising spins σ = 1/2 with two different co-
planar anisotropy axes z1 and z2 regularly alternate with
the Heisenberg spins S = 1/2 as it is schematically de-
picted in Fig. 2. The local anisotropy axis z1 (z2) of
the Ising spins σz12i−1 (σ
z2
2i) on odd (even) lattice positions
is canted by the angle α (-α) from the global frame z-
axis, which means that the angle 2α determines the over-
all canting between two coplanar anisotropy axes z1 and
z2. The Heisenberg spins are coupled to their nearest-
neighbor Ising spins through the antiferromagnetic cou-
pling J < 0 projected into the respective anisotropy axes,
whereas the relevant projections of the spin operators into
the anisotropy axes z1 and z2 are denoted as S
z1
i and S
z2
i ,
respectively. Moreover, we will consider the effect of the
external magnetic field B, whose spatial orientation with
respect to the global frame z-axis is given by the azimuthal
angle θ (see Fig. 2). The spin-1/2 Ising-Heisenberg chain
with regularly alternating Ising and Heisenberg spins can
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be subsequently defined through the Hamiltonian
H = − J
N/2∑
i=1
[σz12i−1(S
z1
2i−2 + S
z1
2i−1) + σ
z2
2i(S
z2
2i + S
z2
2i−1)]
− hz1
N/2∑
i=1
σz12i−1 − hz2
N/2∑
i=1
σz22i − hz
N∑
i=1
S zi − hx
N∑
i=1
S xi,
(1)
where hz1 = gz11 µBBcos(α− θ) and hz2 = gz21 µBBcos(α+ θ)
determine projections of the external magnetic field B to-
wards the local anisotropy axes z1 and z2 of the Ising
spins σz12i−1 and σ
z2
2i on odd and even lattice positions,
respectively, gz11 and g
z2
1 are the respective g-factors of
the Ising spins and µB is the Bohr magneton. Similarly,
hz = gz2µBB cos θ and h
x = gx2µBB sin θ determine two or-
thogonal projections of the external magnetic field acting
on the Heisenberg spins, whereas gz2 and g
x
2 are the respec-
tive spatial components of the g-factor of the Heisenberg
spins.
The Hamiltonian (1) can be alternatively rewritten as a
sum of the cell Hamiltonians
H =
N/2∑
i=1
(H2i−1 +H2i) , (2)
which involve all interaction and field terms related to one
Heisenberg spin at odd or even lattice position
H2i−1 = − h
z1
2
σz12i−1 −
hz2
2
σz22i − hz2i−1S z2i−1 − hx2i−1S x2i−1,
H2i = − h
z2
2
σz22i −
hz1
2
σz12i+1 − hz2iS z2i − hx2iS x2i. (3)
For abbreviation purposes, we have introduced in above
the following notation for effective longitudinal and trans-
verse fields acting on the Heisenberg spins
hz2i−1 = J cosα
(
σz12i−1 + σ
z2
2i
)
+ gz2µBB cos θ,
hx2i−1 = J sinα
(
σz12i−1 − σz22i
)
+ gx2µBB sin θ,
hz2i = J cosα
(
σz22i + σ
z1
2i+1
)
+ gz2µBB cos θ,
hx2i = −J sinα
(
σz22i − σz12i+1
)
+ gx2µBB sin θ. (4)
It is quite obvious that the cell Hamiltonians (3) commute
with each other, i.e. [Hi,H j] = 0, which means that they
belong to orthogonal Hilbert subspaces and can be diago-
nalized independently of each other. The cell Hamiltoni-
ans (3) can be straightforwardly diagonalized by a local
spin-rotation transformation, which gives the following
two eigenvalues of the odd cell HamiltonianH2i−1
±2i−1 = −
hz1
2
σz12i−1 −
hz2
2
σz22i ±
1
2
√(
hz2i−1
)2
+
(
hx2i−1
)2
(5)
for the corresponding eigenvectors∣∣∣ψ±〉2i−1 = 1√
(a±2i−1)2 + 1
(
−a±2i−1 |↑〉2i−1 + |↓〉2i−1
)
. (6)
Here, a±i = h
x
i /[h
z
i ±
√
(hzi )
2 + (hxi )
2] determines probabil-
ity amplitudes for two available states of the Heisenberg
spin from the i-th lattice position. Similarly, two eigen-
values of the even cell HamiltonianH2i read
±2i = −
hz2
2
σz22i −
hz1
2
σz12i+1 ±
1
2
√(
hz2i
)2
+
(
hx2i
)2
, (7)
whereas the corresponding eigenvectors are given by∣∣∣ψ±〉2i = 1√
(a±2i)2 + 1
(
−a±2i |↑〉2i + |↓〉2i
)
. (8)
On account of a regular alternation of two different lo-
cal anisotropy axes of the Ising spins the elementary unit
cell of the spin-1/2 Ising-Heisenberg chain incorporates
two Ising and two Heisenberg spins. Hence, it follows that
the ground state of the spin-1/2 Ising-Heisenberg chain
can be built up from the lowest-energy eigenstate of the
unit cell with two Ising and two Heisenberg spins. The
overall energy spectrum of the unit cell of the spin-1/2
Ising-Heisenberg chain consists of four eigenvalues
ε0 = 
−
2i−1 + 
−
2i, (9)
ε1 = 
−
2i−1 + 
+
2i, (10)
ε2 = 
+
2i−1 + 
−
2i, (11)
ε3 = 
+
2i−1 + 
+
2i, (12)
which still depend through Eqs. (4), (5) and (7) on the par-
ticular spin orientations of the Ising spins. The eigenval-
ues (9)-(12) and their corresponding eigenvectors will be
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subsequently used in order to determine the ground-state
phase diagram depending on a canting angle between the
anisotropy axes of the Ising spins and a spatial orientation
of the external magnetic field.
The exact solution for the investigated spin system can
be obtained by making use of the transfer-matrix method
[19], which allows the following factorization of the par-
tition function
Z =
∑
{σ}
N/2∏
i=1
[
TrS2i−1 e
−βH2i−1] [TrS2i e−βH2i] ,
=
∑
{σ}
N/2∏
i=1
V1(σz12i−1, σ
z2
2i)V2(σ
z2
2i , σ
z1
2i+1). (13)
Here, β = 1/(kBT ), kB is the Boltzmann’s constant, T
is the absolute temperature and the summation
∑
{σ} runs
over all possible spin states of the Ising spins. The ex-
pressions V1(σz12i−1, σ
z2
2i) and V2(σ
z2
2i , σ
z1
2i+1) can be viewed
as transfers matrices associated with the local Hamilto-
nians (3), which involve all interactions terms of a sin-
gle Heisenberg spin placed either on odd or even lat-
tice position. The transfer matrices V1(σz12i−1, σ
z2
2i) and
V2(σz22i , σ
z1
2i+1) are then defined as
V1 =
 V1
(
1
2 ,
1
2
)
V1
(
1
2 ,− 12
)
V1
(
− 12 , 12
)
V1
(
− 12 ,− 12
)  , (14)
V2 =
 V2
(
1
2 ,
1
2
)
V2
(
1
2 ,− 12
)
V2
(
− 12 , 12
)
V2
(
− 12 ,− 12
)  . (15)
It can be easily checked that the transfer matrices V1 and
V2 are mutually transposed with respect to each other
(V1 = VT2 ), which means that they both can be defined
just through four different matrix elements
V++ ≡ V1
(
1
2
,
1
2
)
= V2
(
1
2
,
1
2
)
,
V+− ≡ V1
(
1
2
,−1
2
)
= V2
(
−1
2
,
1
2
)
,
V−+ ≡ V1
(
−1
2
,
1
2
)
= V2
(
1
2
,−1
2
)
,
V−− ≡ V1
(
−1
2
,−1
2
)
= V2
(
−1
2
,−1
2
)
.
Further, the product of both transfer matrices V1V2 can be
viewed as the transfer matrix of the unit cell given by
V1V2 =
(
V2++ + V
2
+− V++V−+ + V+−V−−
V++V−+ + V+−V−− V2−+ + V2−−
)
, (16)
the diagonalization of which allows a straightforward cal-
culation of the partition function according to
Z = Tr (V1V2) N2 = λ
N
2
1 + λ
N
2
2 . (17)
The respective eigenvalues of the transfer matrix V1V2
can be expressed as
λ± =
1
2
[
Tr(V1V2) ±
√
Tr(V1V2)2 − Det(V1V2)
]
. (18)
For completeness, let us quote the explicit form of the
transfer-matrix elements
V++ = 2 exp
[
β
2
(hz12i−1 + h
z2
2i)
]
× cosh
β2
[
J2
2
(1 + cos 2α) + q+
] 1
2
 , (19)
V+− = 2 exp
[
β
2
(hz12i−1 − hz22i)
]
× cosh
β2
[
J2
2
(1 − cos 2α) + p+
] 1
2
 , (20)
V−+ = 2 exp
[
−β
2
(hz12i−1 − hz22i)
]
× cosh
β2
[
J2
2
(1 − cos 2α) + p−
] 1
2
 , (21)
V−− = 2 exp
[
−β
2
(hz12i−1 + h
z2
2i)
]
× cosh
β2
[
J2
2
(1 + cos 2α) + q−
] 1
2
 , (22)
where
q± = (gz2µBB
z)2 + (gx2µBB
x)2 ± 2Jgz2µBBz cosα,
p± = (gz2µBB
z)2 + (gx2µBB
x)2 ± 2Jgx2µBBx sinα.
In thermodynamic limit N → ∞, the Helmholtz free en-
ergy per block can be expressed in terms of the larger
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transfer-matrix eigenvalue
f = −kBT lim
N→∞
1
N
lnZ = −1
2
kBT ln λ+. (23)
The Helmholtz free energy (24) subsequently allows a
straightforward calculation of the magnetization and other
thermodynamic quantities of interest. The total magneti-
zation per unit cell can be for instance calculated from the
relation
mt = −∂ f
∂B
. (24)
To get a deeper insight into the magnetization process it is
also of particular interest to calculate the mean values of
longitudinal and transverse components of the Heisenberg
spins
mz2 ≡ gz2µB〈S zi 〉 = −gz2µB
∂ f
∂hz
, (25)
mx2 ≡ gx2µB〈S xi 〉 = −gx2µB
∂ f
∂hx
, (26)
as well as the mean values of the projections of the Ising
spins towards their local easy axis
mz11 ≡ gz11 µB〈σz12i−1〉 = −gz11 µB
∂ f
∂hz1
, (27)
mz21 ≡ gz21 µB〈σz22i〉 = −gz21 µB
∂ f
∂hz2
. (28)
The powder magnetization represents another quantity of
particular interest, because it enables characterization of
the magnetization process for polycrystalline systems as
usually reported in experimental studies [15–17]. The
powder magnetization can be calculated from the total
magnetization (24) by performing the powder averaging,
which consists in integrating the total magnetization over
all possible relative orientations of the magnetic field
mpowder =
pi
2ˆ
0
mt(θ) sin(θ)dθ. (29)
where
mt(θ) =m
z1
1 cos(α − θ) + mz21 cos(α + θ)
+ mx2 sin(θ) + m
z
2 cos(θ). (30)
The isothermal susceptibility can also be easily calcu-
lated from the total magnetization (24) according to the
formula
χt =
∂mt
∂B
, (31)
whereas its longitudinal (χz) and transverse (χx) compo-
nents follow from
χz =
∂mt
∂(B cos θ)
, (32)
χx =
∂mt
∂(B sin θ)
. (33)
The powder susceptibility can be then approximated by a
simple average over the contributions along three orthog-
onal axes
χpowder 
2χx + χz
3
. (34)
3. Results and discussion
Let us proceed to a discussion of the most interest-
ing results for the investigated spin-1/2 Ising-Heisenberg
chain with the antiferromagnetic nearest-neighbor ex-
change coupling J < 0, the absolute value of which will
henceforth serve as an energy unit. To reduce the num-
ber of free parameters, we will further consider a unique
value of g-factor gz11 = g
z2
1 = 20 of the Ising spins and
the isotropic value of g-factor of the Heisenberg spins
gx2 = g
z
2 = 2, which nearly coincide with usual values
of gyromagnetic ratio for Dy3+ and Cu2+ ions creating a
magnetic backbone of the DyCu polymeric chain [15].
3.1. Ground-state phase diagram
First, we will comprehensively analyze all available
ground states, which can be found by making use of the
unit-cell eigenstates (6) and (8) with the eigenenergies (5)
and (7) by considering all possible configurations of the
Ising spins involved therein. In total, we can identify four
different ground states, which will be classified according
to a relative orientation of the Ising spins. More specifi-
cally, one finds two ground states CIF1 and CIF2 with the
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canted ferromagnetic alignment of the Ising spins
|CIF1〉 =
N/2∏
i=1
∣∣∣ψ−〉2i−1 | ↗〉2i−1 ∣∣∣ψ−〉2i |↖〉2i , (35)
|CIF2〉 =
N/2∏
i=1
∣∣∣ψ−〉2i−1 | ↙〉2i−1 ∣∣∣ψ−〉2i |↘〉2i , (36)
and two ground states CIA1 and CIA2 with the canted an-
tiferromagnetic alignment of the Ising spins
|CIA1〉 =
N/2∏
i=1
∣∣∣ψ−〉2i−1 | ↗〉2i−1 ∣∣∣ψ−〉2i |↘〉2i , (37)
|CIA2〉 =
N/2∏
i=1
∣∣∣ψ−〉2i−1 | ↙〉2i−1 ∣∣∣ψ−〉2i |↖〉2i . (38)
The state vector |↗〉2i−1 (|↙〉2i−1) corresponds to the spin
state σz12i−1 = 1/2 (σ
z1
2i−1 = −1/2) of the odd-site Ising
spin, the state vector |↖〉2i (|↘〉2i) corresponds to the spin
state σz22i = 1/2 (σ
z2
2i = −1/2) of the even-site Ising spin,
whereas the odd- and even-site Heisenberg spins underlie
a quantum superposition of both spin states according to
Eqs. (6) and (8), respectively. It is quite obvious from
Eqs. (35) and (36) that the CIF2 phase is a mirror image
of the CIF1 phase with all over-turned spins and similarly,
the CIA2 phase is according to Eqs. (37) and (38) a mir-
ror image of the CIA1 phase. The former inter-relation be-
tween the CIF1 and CIF2 phases is a direct consequence of
the symmetry of the model Hamiltonian (1) with respect
to the magnetic field applied along θ = 90◦ and 270◦ di-
rections, while the latter inter-relation between the CIA1
and CIA2 phases is a direct consequence of the symmetry
of the model Hamiltonian (1) with respect to the magnetic
field applied along θ = 0◦ and 180◦ directions. For illus-
tration, a schematic representation of the mean values of
the magnetic moments within the CIF1 and CIA1 ground
states of the spin-1/2 Ising-Heisenberg chain is presented
in Fig. 3 for one particular value of the canting angle
2α = 45◦ between two anisotropy axes of the Ising spins.
A few typical ground-state phase diagrams are plotted
in Fig. 4 in a polar coordinate system (µBB/|J|, θ) for sev-
eral values of the canting angle 2α between two different
co-planar anisotropy axes. It is noteworthy that the radius
of polar coordinates determines a relative size of the ex-
ternal magnetic field µBB/|J| and the angular coordinate
CIF
2 =
=
1
a
q
45
0
o
o
CIF
2 =
=
1
a
q
45
45
o
o
CIA
2 =
=
1
a
q
45
72
o
o
CIA
2 =
=
1
a
q
45
90
o
o
halfice
half fire
Figure 3: (Color online) A schematic representation of mean values
of the magnetic moments of the spin-1/2 Ising-Heisenberg chain for the
fixed value of the canting angle 2α = 45◦, g-factors gz11 = g
z2
1 = 20,
gz2 = g
x
2 = 2 and selected spatial orientations of the external magnetic
field θ = 0◦, 45◦, 72◦ and 90◦. The first two configurations correspond
to the CIF1 phase, the other two configurations to the CIA1 phase and
the last configuration correspond to a highly degenerate point called as
’half-ice, half-fire’ ground state, where the Ising spins are fully frozen
and the Heisenberg spins are completely randomly oriented.
is identified with the azimuthal angle θ determining incli-
nation of the external magnetic field with respect to the
global frame z-axis.
It is clear from Fig. 4 that all displayed ground-state
phase diagrams actually have an evident symmetry with
respect to θ = 0◦, 90◦, 180◦ and 270◦ axes, so our fur-
ther discussion may be restricted without loss of general-
ity only to a first quadrant θ ∈ [0◦, 90◦]. It can be found
that CIF1 and CIF2 phases then coexist together along
a macroscopically non-degenerate phase boundary (thick
black line) lying at θ = 90◦, which terminates at a triple
coexistence point (red circle) of CIF1, CIF2 and CIA1
phases with a residual entropy S = NkB ln[(
√
5 + 3)/2]/2
(see Appendix A for details on the macroscopic degener-
acy at this special point). On the other hand, the coexis-
tence (thick orange) line between CIF1 and CIA1 phases
is macroscopically degenerate with the residual entropy
S = NkB ln(2)/2 due to a paramagnetic character of a half
of the Ising spins. The Heisenberg spins are completely
free to flip at macroscopically degenerate points (blue di-
amonds) with the finite residual entropy S = NkB ln(2)
given by the coordinates µBB/|J| = cos(α)/2, θ = 0◦
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Figure 4: (Color online) The ground-state phase diagrams in polar coor-
dinate system, where the radius represents a relative size of the magnetic
field µBB/|J| and the polar angle θ determines an orientation of mag-
netic field with respect to the global frame z-axis for the fixed values of
g-factors gz11 = g
z2
1 = 20, g
z
2 = g
x
2 = 2 and several values of the canting
angle 2α: (a) 2α = 0◦, (b) 2α = 30◦, (c) 2α = 45◦, (d) 2α = 60◦, (e)
2α = 72◦, (f) 2α = 90◦.
and µBB/|J| = sin(α)/2, θ = 90◦ for α & 20◦. The
macroscopic degeneracy at these special points corre-
spond to a novel type of spin frustration called as ’half
ice, half fire’ [20–22], which originates from a difference
between g-factors being responsible for a fully frozen (or-
dered) character of the Ising spins and a fully random
(disordered) character of the Heisenberg spins. Finally,
a thin black curve determines a contour plot for a zero
projection of the magnetization of the Heisenberg spins
mx2 sin(θ) + m
z
2 cos(θ) = 0 towards the external magnetic
field, along which their contribution to the total magneti-
zation vanishes. It is worthwhile to remark that the contri-
bution of the Heisenberg spins diminishes (reinforces) the
total magnetization inside (outside) of a parameter region
delimited by this contour line.
Fig. 4(a) depicts the ground-state phase diagram for
the very special case 2α = 0◦ without canting of the
local anisotropy axes. It is quite obvious that only the
phases CIF1 and CIF2 with a uniform orientation of the
Ising spins are present in the ground-state phase diagram
of this particular case. The blue diamond located at
[µBB/|J|, θ]=[0.5, 0◦] denotes a macroscopically degener-
ate point, which corresponds to an abrupt magnetization
jump in a zero-temperature magnetization curve closely
connected to a field-induced flip of the Heisenberg spins.
On the other hand, the canting of the local anisotropy
axes of the Ising spins is responsible for presence of two
striking phases CIA1 and CIA2 with a staggered charac-
ter of the Ising spins [see Fig. 4(b)-(f)]. As one can see,
the phases CIA1 and CIA2 spread over a wider parameter
space at the expense of the phases CIF1 and CIF2 as the
canting angle 2α increases. If the external magnetic field
is applied along the z-axis (θ = 0◦) lying in the middle of
two spatial directions determining the anisotropy axes of
the Ising spins, then, the field-induced flip of the Heisen-
berg spins shifts towards lower magnetic fields upon in-
creasing the canting angle 2α [see Fig. 4(b)-(f)]. The
field-induced flip of the Heisenberg spins may also take
place when the external magnetic field is applied perpen-
dicular to the z-axis (i.e. θ = 90◦) as long as the canting
angle 2α is sufficiently high. However, the relative size of
the magnetic field required for a relevant spin flip along
the spatial direction θ = 90◦ contrarily rises upon increas-
ing the canting angle 2α. Finally, it is noteworthy that a
sharp field-induced flip of the Heisenberg spins generally
becomes smoother when the external magnetic field is ap-
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plied along other spatial directions. Under this condition,
the field-driven reorientation of the Heisenberg spins can
be found along a thin black contour line, where the contri-
bution of the Heisenberg spins to the total magnetization
vanishes.
3.2. Magnetization process
Let us begin with a detailed analysis of the zero-
temperature magnetization process of the spin-1/2 Ising-
Heisenberg chain in an arbitrarily oriented magnetic field.
For this purpose, one has to determine first the ground-
state energy E0 = min(ECIF1 , ECIF2 , ECIA1 , ECIA2 ) as a
minimum eigenenergy out of four available lowest-energy
eigenstates given by Eqs. (35)-(38). Then, two orthogonal
projections of the magnetization of the Heisenberg spins
can be straightforwardly calculated according to
mx2 = −gx2µB
∂E0
∂hx
and mz2 = −gz2µB
∂E0
∂hz
, (39)
while the magnetizations of two inequivalent Ising spins
along their individual quantization axes follow from
mz11 = −gz11 µB
∂E0
∂hz1
and mz21 = −gz21 µB
∂E0
∂hz2
. (40)
The total magnetization mt can be calculated according
to Eq. (30) from the aforementioned four components,
which are plotted in Fig. 5 as a function of the relative
strength of the magnetic field µBB/|J| for several values of
the canting angle 2α. The first (second) column shows a
transverse (longitudinal) component of the magnetization
of the Heisenberg spins mx2 (m
z
2), while the third (fourth)
column illustrates the magnetization of the odd(even)-site
Ising spins mz11 (m
z2
1 ) along their local anisotropy axis
z1 (z2). It is worth noticing that the overall magnetiza-
tion of the Heisenberg spins acquires its maximum value√
(mx2)
2 + (mz2)
2 = g2µB/2 (g2 = gx2 = g
z
2) for all parame-
ters except those driving the investigated system at phase
boundaries between different ground states.
The plots shown in Fig. 5(a-d) illustrate the magnetiza-
tion scenario for the specific case with zero canting angle
2α = 0◦. As far as the magnetization of the Heisenberg
spins is concerned, the transverse component mx2 becomes
zero and the longitudinal component mz2 fully saturated
whenever the magnetic field is oriented along a unique
anisotropy axis of the Ising spins [see dash-dot-dot line
in Fig. 5(a-b) for θ = 0◦]. The magnetization of the
Ising spins is at the same time fully saturated, whereas
the magnetizations of the Ising and Heisenberg spins are
oriented in opposite (parallel) to each other at sufficiently
low (high) magnetic fields. If the magnetic field is mis-
aligned from a unique anisotropy axis of the Ising spins
θ , 0◦, then, the transverse magnetization of the Heisen-
berg spins displays a non-monotonous field dependence
with a single global maximum at a moderate magnetic
field that coincides with zero value of the longitudinal
magnetization of the Heisenberg spins. The longitudinal
magnetizations of the Ising and Heisenberg spins become
identically equal to zero for the the external magnetic field
oriented along the x-axis (i.e. θ = 90◦), whereas the trans-
verse magnetization of the Heisenberg spins then rises
steadily with increasing of the magnetic field.
The magnetization scenario for relatively small canting
angles between both local anisotropy axes is illustrated
in Fig. 5(e-h) on a particular example with 2α = 30◦.
It can be observed from Fig. 5(f) that the longitudinal
magnetization of the Heisenberg spins shows qualitatively
the same behavior as described previously for the case
2α = 0◦ irrespective of the field orientation θ. The trans-
verse magnetization of the Heisenberg spins exhibits qual-
itatively different behavior just for the spatial orientation
θ = 90◦, under which an abrupt magnetization jump oc-
curs instead of a smooth field dependence. Interestingly,
the magnetizations of odd- and even-site Ising spins dis-
play at the same magnetic field an abrupt jump from zero
magnetization, the former magnetization shows a discon-
tinuous jump to the highest and the latter one to the low-
est possible value. Apparently, the observed magnetiza-
tion jump can be attributed to a discontinuous field-driven
phase transition from the CIF1 phase towards the CIA1
phase with a staggered character of the Ising spins.
The magnetic-field dependencies of individual sublat-
tice magnetizations are depicted in Fig. 5(i-l) for the mod-
erate value of the canting angle 2α = 60◦. As far as
two components of the magnetization of the Heisenberg
spins are concerned, the notable differences in a pro-
file of zero-temperature magnetization curves are evident
just for large tilting angles of the external magnetic field
θ = 72◦ and 90◦ though the observed magnetization jumps
can be again related to the discontinuous field-induced
phase transition between the CIF1 and CIA1 phases. It
should be pointed out, however, that shortly after the rel-
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Figure 5: (Color online) Two orthogonal projections of the zero-temperature magnetization of the Heisenberg spins (mx2, m
z
2) and the zero-
temperature magnetizations of two topologically different Ising spins (mz11 , m
z2
1 ) as a function of the dimensionless magnetic field µBB/|J| for the
fixed values of g-factors gz11 = g
z2
1 = 20, g
x
2 = g
z
2 = 2 and four different values of the canting angle: (a)-(d) 2α = 0
◦; (e)-(h) 2α = 30◦; (i)-(l)
2α = 60◦; (m)-(p) 2α = 90◦.
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evant field-driven phase transition the longitudinal (trans-
verse) component of the magnetization of the Heisenberg
spins reaches for θ = 72◦ a local maximum (minimum),
which is successively followed by a gradual decline (rise)
upon strengthening of the external magnetic field.
Last but not least, the magnetization scenario for
the large canting angle 2α = 90◦ between both local
anisotropy axes is shown in Fig. 5(m-p). While the mag-
netization of odd-site Ising spins always acquires its max-
imum value, the magnetization of even-site Ising spins ac-
quires either its highest or lowest possible value depend-
ing on whether the tilting angle of external magnetic field
is smaller or greater than θ = 45◦. This result would sug-
gest that the CIA1 phase persists down to very low fields
whenever the magnetic field is applied at large tilting an-
gles θ > 45◦. Another interesting observation is that the
longitudinal and transverse components of the magneti-
zation of the Heisenberg spins are complementary to each
other. As a matter of fact, the longitudinal magnetization
of the Heisenberg spins at a given tilting angle θ is iden-
tical with the transverse magnetization of the Heisenberg
spins at a complementary tilting angle 90◦ − θ. Therefore,
both components of the magnetization of the Heisenberg
spins become equal for θ = 45◦ due to the symmetry rea-
son, whereas the magnetization of even-site Ising spins
then exceptionally equals zero. These results are in con-
cordance with a mutual coexistence of the CIF1 and CIA1
phases along their phase boundary at θ = 45◦.
With this background, let us discuss zero-temperature
variations of the total magnetization mt with the external
magnetic field. The angular dependence of the total mag-
netization mt of the spin-1/2 Ising-Heisenberg chain can
be obtained either from the aforedescribed magnetization
components according to Eq. (30) or as the field deriva-
tive of the ground-state energy
mt = −∂E0
∂B
. (41)
The total magnetization is plotted in Fig. 6 as a func-
tion of the magnetic field µBB/|J| for a few different spa-
tial orientations of the magnetic field (θ) and four dif-
ferent canting angles 2α. It is evident that the zero-
temperature magnetization curves display true magneti-
zation plateaus for the magnetic field oriented along the
z-axis (i.e. θ = 0◦) and the quasi-plateaus for relatively
high tilting angles close to θ ≈ 90◦. The locus of all dis-
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Figure 6: (Color online) The total magnetization mt against the dimen-
sionless magnetic field µBB/|J| at zero temperature for the fixed values
of g-factors gz2 = g
x
2 = 2, g
z1
1 = g
z2
1 = 20, a few different spatial ori-
entations θ of the magnetic field and four different canting angles: (a)
2α = 0◦, (b) 2α = 30◦, (c) 2α = 60◦ and (d) 2α = 90◦. The powder
magnetization mpowder calculated according to Eq. (30) is also plotted
for the sake of comparison. The same line code is used in all plots.
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Figure 7: (Color online) The total magnetization mt as a function of the
dimensionless magnetic field µBB/|J| at finite temperature kBT/J = 0.5
for the fixed values of g-factors gz2 = g
x
2 = 2, g
z1
1 = g
z2
1 = 20, a few
different spatial orientations θ of the magnetic field and four different
canting angles: (a) 2α = 0◦, (b) 2α = 30◦, (c) 2α = 60◦ and (d) 2α =
90◦. The powder magnetization mpowder calculated according to Eq.
(30) is also plotted for the sake of comparison. The same line code is
used in all plots.
continuous magnetization jumps closely connected either
with a breakdown of the magnetization plateaus or quasi-
plateaus is fully consistent with presence of the field-
driven phase transitions comprehensively discussed at the
ground-state analysis. It should be stressed, however, that
the total magnetization exhibits for most of the field ori-
entations a smooth dependence on a magnetic field, which
relates to local quantum fluctuations introduced by the ex-
ternal magnetic field whenever it is misaligned from the
anisotropy axes of the Ising spins. Note furthermore that
the powder magnetization also exhibits at zero tempera-
ture a smooth field dependence, which originates from the
angular averaging (29) embracing an integration over all
possible field orientations.
Next, the finite-temperature magnetization curves are
depicted in Fig. 7 for several spatial orientations of the
magnetic field θ and a few different canting angles 2α be-
tween the local anisotropy axes of the Ising spins with
the aim to bring insight into a mutual interplay of quan-
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Figure 8: (Color online) The powder magnetization as a function of
the magnetic field µBB/|J| for the fixed values of g-factors gz11 = gz21 =
20, gz2 = g
x
2 = 2, several values of the canting angle 2α between the
anisotropy axes and two different temperatures: (a) kBT/|J| = 0.0; (b)
kBT/|J| = 0.5.
tum and thermal fluctuations. As one can see, the mag-
netization curves generally display at finite temperatures
smoother field dependence, whereas the sharp magnetiza-
tion jumps observable at zero temperature round off upon
increasing temperature. In addition, it can be understood
from Fig. 7 that the saturation value of the total magne-
tization is progressively suppressed upon increasing the
canting angle 2α between the local anisotropy axes.
The powder magnetization shown in Fig. 8 captures
magnetization curves of polycrystalline samples, which
are subject to an integration over all possible orientations
of the magnetic field with respect to the anisotropy axes
due to a random orientation of individual crystallites. It
is quite evident that the powder averaging has similar ef-
fect as the rising temperature, because the magnetization
plateaus, quasi-plateaus and jumps are in general rounded
as a consequence of an integration over distinct relative
orientations of the external magnetic field with respect to
the local anisotropy axes (see Figs. 6 and 7 for compari-
son). Moreover, it is worthwhile to remark that the satura-
tion value of the powder magnetization contraintuitively
displays a small increment upon increasing the canting
angle between the anisotropy axes of the Ising spins.
3.3. Susceptibility
The transverse and longitudinal components of the sus-
ceptibility times temperature product are plotted in Fig. 9
against temperature for several values of the tilting an-
gle θ and four different canting angles 2α. The first two
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Figure 9: (Color online) The transverse (χxT ) and longitudinal (χzT ) components of the susceptibility times temperature product versus dimen-
sionless temperature kBT/|J| for the fixed values of g-factors gz11 = gz21 = 20, gz2 = gx2 = 2, several values of the tilting angle θ and four different
canting angles: (a)-(d) 2α = 0◦; (e)-(h) 2α = 30◦; (i)-(l) 2α = 60◦; (m)-(p) 2α = 90◦. The first two columns refer to the susceptibility times
temperature product at zero magnetic field µBB/|J| = 0, while another two columns refer to the susceptibility times temperature product at the finite
magnetic field µBB/|J| = 0.5.
columns display thermal variations of the initial (zero-
field) susceptibility, while another two columns illustrate
temperature dependencies of the susceptibility at moder-
ate value of the magnetic field. Let us at first make a
few comments on typical thermal variations of the ini-
tial (zero-field) susceptibility times temperature product.
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It is evident from Fig. 9 that the transverse component
χxT generally shows monotonous decline upon decreas-
ing temperature until it completely vanishes at zero tem-
perature. The only exception to this rule is the particular
case with the canting angle 2α = 90◦, for which the prod-
uct χxT initially reaches a round maximum and then it
tends to some finite value as temperature goes to zero. On
the other hand, the longitudinal component χzT mostly
displays a monotonous increase upon decreasing tempera-
ture, which is followed by a divergence when approaching
zero temperature. It should be pointed out that one may
also detect for sufficiently large values of the tilting angle
θ and canting angle 2α also more striking thermal depen-
dencies of the product χzT , which exhibits upon decreas-
ing temperature a round minimum successively followed
by a zero-temperature divergence. The special case with
the canting angle 2α = 90◦ is again exceptional, since
the product χzT monotonically decreases upon decreas-
ing temperature until it reaches a constant value at zero
temperature.
Furthermore, let us emphasize the most important con-
sequences of the finite magnetic field on temperature de-
pendencies of the susceptibility times temperature prod-
uct. Apparently, the transverse component χxT dimin-
ishes upon decreasing temperature until it completely dis-
appears at zero temperature independently of the tilting
angle θ and the canting angle 2α. It could be thus con-
cluded that the magnetic field does not significantly in-
fluence temperature variations of the transverse compo-
nent χxT except the special case with the canting an-
gle 2α = 90◦. By contrast, the magnetic field basically
changes temperature variations of the longitudinal sus-
ceptibility times temperature product. It actually turns out
that the longitudinal component χzT shows a monotonous
decline upon decreasing temperature until it vanishes at
zero temperature.
We will end up our discussion concerning with a typi-
cal thermal behavior of the susceptibility times tempera-
ture product by a comprehensive analysis of the powder
susceptibility calculated from the longitudinal and trans-
verse components according to Eq. 34. It can be observed
from Fig. 10(a) that the initial (zero-field) powder suscep-
tibility times temperature product is kept constant over
a relatively wide temperature range before it exhibits a
pronounced low-temperature divergence as temperature
drops to zero. It can be easily understood from a com-
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Figure 10: (Color online) The powder susceptibility times temperature
product χpowderT as a function of dimensionless temperature kBT/|J|
for the fixed values of g-factors gz11 = g
z2
1 = 20, g
z
2 = g
x
2 = 2 and two
different magnetic fields: (a) µBB/|J| = 0.0; (b) µBB/|J| = 0.5.
parison of Figs. 9 and 10(a) that the marked divergence of
the powder susceptibility stems from the relevant behav-
ior of the longitudinal component. Another interesting
observation is that the high-temperature asymptotic value
of the powder susceptibility times temperature product
is the smaller, the greater the canting angle 2α between
two co-planar anisotropy axes is. As far as the tempera-
ture change of the powder susceptibility at finite magnetic
fields is concerned, the powder susceptibility times tem-
perature product monotonically decreases upon lowering
temperature until it completely disappears at zero temper-
ature.
4. Heterobimetallic Dy-Cu compound
In this section, we will take advantage of the exact so-
lution of the spin-1/2 Ising-Heisenberg chain composed
of regularly alternating Ising and Heisenberg spins in or-
der to provide a deeper understanding of magnetic proper-
ties of the heterobimetallic coordination polymer Dy-Cu
[15]. It is worthwhile to recall that the polymeric com-
plex Dy-Cu involves as a magnetic backbone 1D chain
of exchange-coupled Dy3+ and Cu2+ ions (see Fig. 1),
whereas the magnetic behavior of Dy3+ and Cu2+ ions can
be reasonably well approximated at low enough temper-
atures by the notion of Ising and Heisenberg spins, re-
spectively. The Ising nature of Dy3+ magnetic ion can be
attributed to a strong crystal-field splitting of the ground-
state multiplet 6H15/2 (f9) with the total angular momen-
tum JT = 15/2 (L = 5, S = 5/2) and the associated
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Figure 11: (Color online) The high-field magnetization data recorded
for the powder sample of Dy-Cu compound (red circles) at two different
temperatures T = 1.3K and 4.2K versus the best theoretical fit (blue
solid line) obtained with the help of the spin-1/2 Ising-Heisenberg chain
(1) for the following set of fitting parameters J/kB = −25K, gzDy ≡ gz11 =
gz21 = 22.9, g
x
Cu ≡ gx2 = 2.34, gzCu ≡ gz2 = 2.20 and 2α = 9◦.
Lande´ g-factor g = 4/3 into eight well separated Kramers
dublets. The Kramers dublet with the largest total an-
gular momentum JzT = ±15/2 quantized with respect to
the z-axis is several tens of Kelvins lower in energy com-
pared to other Kramers dublets, which means that Dy3+
magnetic ion can be effectively treated at sufficiently low
temperatures as the two-valued Ising spin σ = 1/2 with
the associated Lande´ g-factor g = 2(4/3)(15/2) = 20.
In this regard, the polymeric compound Dy-Cu affords
the sought after experimental realization of the spin-1/2
Ising-Heisenberg chain with regularly alternating Ising
and Heisenberg spins. It is also quite evident from Fig.
1 that two crystallographically inequivalent orientations
of coordination polyhedra of Dy3+ ions exist in the Dy-
Cu compound what might presumably imply two differ-
ent local anisotropy axes of the Ising spins. It should be
mentioned that the canting of local anisotropy axes has
been disregarded in all foregoing studies [16–18] and is
the main subject matter of the present report.
The high-field magnetization data of the powder sam-
ple of Dy-Cu compound are confronted in Fig. 11, after
the relevant correction for the temperature-independent
(Van Vleck) paramagnetism was made according to Ref.
[16], with the theoretical magnetization curve of the spin-
1/2 Ising-Heisenberg chain (1) composed of regularly al-
ternating Ising and Heisenberg spins. The best theoretical
fit indicates an antiferromagnetic nature of the nearest-
neighbor coupling between Dy3+ and Cu2+ ions, which
makes from the polymeric compound Dy-Cu an intriguing
experimental realization of a classical-quantum ferrimag-
netic spin chain. The actual value of the exchange cou-
pling between Dy3+ and Cu2+ ions J/kB = −1.7 K is how-
ever much smaller than the reported one J/kB = −25 K,
because this latter value should be scaled down by the fac-
tor 15 as the true value of the total angular momentum of
Dy3+ ion is JT = 15/2 rather than σ = 1/2. The es-
timated values of g-factors are also adequately close to
the typical values gDy ≈ 20 and gCu ≈ 2.2 for Dy3+ and
Cu2+ ions. It is noteworthy that the theoretical value of g-
factor gDy = 20 would coincide with the actual magnetic
moment of Dy3+ ion with the total angular momentum
JT = 15/2 and g-value g = 4/3 as far as it is effectively
treated as the Ising spin σ = 1/2.
Next, the low-field magnetization and susceptibility
times temperature data for the powder sample of Dy-Cu
compound are plotted in Fig. 12 against temperature to-
gether with the relevant theoretical prediction obtained
with the help of the spin-1/2 Ising-Heisenberg chain (1).
The magnetization shows a relatively rapid decrease upon
increasing temperature, whereas the relevant theoretical
fit is in a reasonable accordance with the respective ex-
perimental data for the fitting set of parameters that nearly
coincides with the one reported for the high-field magne-
tization curve. The susceptibility times temperature prod-
uct exhibits a similar rapid decrease upon increasing tem-
perature until it reaches almost constant value above 10 K.
Note furthermore that a plausible theoretical fit of the sus-
ceptibility times temperature data was obtained for the
same set of fitting parameters as for the thermal variation
of the magnetization. It should be emphasized, however,
that the spin-1/2 Ising-Heisenberg chain of regularly alter-
nating Ising and Heisenberg spins is applicable to Dy-Cu
compound only in the low-temperature range T < 40K,
where the lowest-lying Kramers doublet of Dy3+ ion is
populated and correspondence with the Ising spins holds.
5. Conclusion
In the present article we have comprehensively ex-
amined the ground-state phase diagram, magnetization
process and susceptibility data of the spin-1/2 Ising-
Heisenberg chain of regularly alternating Ising and
Heisenberg spins in dependence on the canting angle be-
tween two different local anisotropy axes. It has been
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Figure 12: (Color online) The temperature dependence of the magne-
tization and susceptibility times temperature data for the powder sam-
ple of Dy-Cu compound (red circles) at small magnetic field B = 0.1T
along with the best theoretical fit (blue solid line) obtained with the
help of the spin-1/2 Ising-Heisenberg chain (1) for the following fit-
ting set: J/kB = −26K, gzDy ≡ gz11 = gz21 = 22.6, gxCu ≡ gx2 = 2.32,
gzCu ≡ gz2 = 2.16 and 2α = 5◦.
demonstrated that the investigated classical-quantum spin
chain exhibits in the ground-state phase diagram two
canted ferromagnetic and two canted antiferromagnetic
phases. Another interesting finding concerns with the
existence of a few macroscopically degenerate points,
at which a perfect order of the Ising spins accompanies
a complete disorder of the Heisenberg spins within the
so-called ’half ice, half fire’ ground states. Owing to
this fact, the spin-1/2 Ising-Heisenberg chain unveils a
remarkable diversity of zero-temperature magnetization
curves, which may include true magnetization plateaus
and jumps, quasi-plateaus or even smooth dependence of
the magnetization on the external magnetic field depend-
ing on a relative orientation of the applied magnetic field
with respect to the local anisotropy axes. Moreover, it
has been verified that the averaging over all spatial orien-
tations of the magnetic field generally causes smoothing
of zero-temperature magnetization curves of the powder
samples due to local quantum fluctuations, which mimic
in certain respects the effect of thermal fluctuations rein-
forced by the rising temperature.
IFR
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Figure A.13: (Color online) The spin configurations of unit cell with
equal energy at the special coexistence point of the phases CIF1, CIF2
and CIA1: (a) the spin configuration corresponding to the canted fer-
romagnetic phase CIF1; (b) the spin configuration corresponding to the
canted ferromagnetic phase CIF2; (c) the spin configuration correspond-
ing to the canted antiferromagnetic phase CIA1; (d) the spin configura-
tion IFR with the equal energy. Only the spin states of the Ising spins are
visualized, whereas the Heisenberg spins denoted by circles are yalways
in a quantum superposition given by |ψ−1 〉 and |ψ−2 〉.
It has been convincingly evidenced that the investigated
spin-1/2 Ising-Heisenberg chain of regularly alternating
Ising and Heisenberg spins elucidates a low-temperature
magnetic behavior of the coordination polymer Dy-Cu,
which affords an outstanding experimental realization of
a ferrimagnetic classical-quantum spin chain. It would
be therefore highly desirable to probe angular depen-
dence of the low-temperature magnetization process on a
single-crystal sample of the coordination compound Dy-
Cu, which is unfortunately not yet available. The prepa-
ration of the single-crystal sample of the polymeric com-
pound Dy-Cu thus represents challenging task in view of
the experimental testing of the most interesting findings
presented in this work.
Appendix A. Residual entropy
The three phases CIF1, CIF2 and CIA1 coexist together
within a special frustration point of the spin-1/2 Ising-
Heisenberg chain, where four spin configurations of unit
cell displayed in Fig. A.13 have equal energies. The spin
configuration (a) corresponds to the canted ferromagnetic
phase CIF1, whereas the overall number of unit cells of
this type is denoted as Na. The spin configuration (b) cor-
responds to the canted ferromagnetic phase CIF2, whereas
the overall number of unit cells of this type is denoted as
Nb. The spin configuration (c) corresponds to the canted
antiferromagnetic phase CIA1, whereas the overall num-
ber of unit cells of this type is denoted as Nc. Finally, the
spin configuration (d) denoted as IFR is the last spin con-
figuration with the same energy, configuration, whereas
the overall number of unit cells of this type is denoted as
15
Nd. It is worthy to mention that only the spin states of
the Ising spins are relevant, because the Heisenberg spins
denoted by circles are always in a quantum superposition
given by |ψ−1 〉 and |ψ−2 〉.
The number of possible spin configurations of the en-
tire chain with the fixed number of Na, Nb, Nc, and Nd
cells is given by
Ω =
(Na + Nc)!
Na!Nc!
(
Nd
2 + Nb
)
!
Nb!
(
Nd
2
)
!
(
Na + Nc +
Nd
2
)
!
(Na + Nc)!
(
Nd
2
)
!
, (A.1)
where N = Na + Nb + Nc + Nd is the total number of unit
cells. The first factor corresponds to all possible permu-
tations between Na and Nc cells. The second one stands
for all possible permutations between Nb cells and pairs
of Nd cells. The last factor accounts for the permutations
of pairs of Nd cells and Na or Nc cells. Using the standard
Lagrange multiplier technique, one can directly obtain the
maximum number of states of the entire chain for the fol-
lowing particular choice of the numbers
Na =
(5 − √5)
10
N, (A.2)
Nb =
(10 − 4√5)
10
N, (A.3)
Nc =
(5 − √5)
10
N, (A.4)
Nd =
(−10 + 6√5)
10
N. (A.5)
This choice leads to the overall degeneracy Ω =
( √
5+3
2
)N
,
which yields the following residual entropy per spin at the
triple coexistence point between the phases CIF1, CIF2
and CIA1 (red circles in Fig. 4(c-e)) is given by:
S =
1
2N
ln (Ω) =
1
2
ln
 √5 + 32
 . (A.6)
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